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Abstrat
We study the oupled translational, eletroni, and field dynamis of the ombined
system a two-level atom + a single-mode quantized field + a standing-wave ideal
avity. In the semilassial approximation with a point-like atom, interating with
the lassial field, the dynamis is desribed by the Heisenberg equations for the
atomi and field expetation values whih are known to produe semilassial haos
under appropriate onditions. We derive Hamilton  Shrodinger equations for prob-
ability amplitudes and averaged position and momentum of a point-like atom in-
terating with the quantized field in a standing-wave avity. They onstitute, in
general, an infinite-dimensional set of equations with an infinite number of integrals
of motion whih may be redued to a dynamial system with four degrees of free-
dom if the quantized field is supposed to be initially prepared in a Fok state. This
system is found to produe semiquantum haos with positive values of the maximal
Lyapunov exponent. At exat resonane, the semiquantum dynamis is regular. At
large values of detuning |δ| ≫ 1, the Rabi atomi osillations are usually shallow,
and the dynamis is found to be almost regular. The Doppler  Rabi resonane,
deep Rabi osillations that may our at any large value of |δ| to be equal to |αp0|,
is found numerially and desribed analytially (with α to be the normalized reoil
frequeny and p0 the initial atomi momentum). Two gedanken experiments are
proposed to detet manifestations of semiquantum haos in real experiments. It is
shown that in the haoti regime values of the population inversion z
out
, measured
with atoms after transversing a avity, are so sensitive to small hanges in the initial
inversion z
in
that the probability of deteting any value of z
out
in the admissible
interval [−1, 1] beomes almost unity in a short time. Chaoti wandering of a two-
level atom in a quantized Fok field is shown to be fratal. Fratal-like strutures,
typial with haoti sattering, are numerially found in the dependene of the time
of exit of atoms from the avity on their initial momenta.
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1 Introdution
The orrespondene between quantum and lassial worlds has been a subjet
of muh interest from the early days of quantum mehanis. The emergene
of lassial dynamial haos from quantum mehanis is one of the most de-
bated problem in this field [1℄. Isolated and bounded quantum systems do not
show sensitive dependene on initial onditions in the same way as lassial
systems due to disreteness of quantum phase spae and laking of notion of
trajetories in quantum mehanis. The Shrodinger equation for an isolated
quantum system demonstrates only (quasi)periodi solutions even if the lassi-
al ounterpart of the quantum system under onsideration would be haoti.
However, it is valid only if the quantum system is assumed to be absolutely
isolated from the surroundings.
In this paper, we study the temporal evolution of the strongly oupled atom-
field system onsisting of a single two-level atom interating with a single
mode of the quantized field in a standing-wave ideal avity without any leak-
age of photons. If the atom is assumed to be at rest the respetive Jaynes 
Cummings Hamiltonian is known to be integrable in the rotating-wave ap-
proximation both under fully quantum and semilassial desriptions [2℄. If
the atom moves with a onstant veloity (the Raman  Nath approxima-
tion) in the diretion along whih the oeffiient of the atom-field oupling
is hanged (say, periodially) the semilassial evolution of the expetation
values of the atomi and field operators has been shown to be haoti [3,4,5℄
with positive values of the maximal Lyapunov exponent in respetive ranges
of ontrol parameters. The same time-periodi Hamiltonian has been shown to
generate quasiperiodi solutions of the respetive time-dependent Shrodinger
equation for the probability amplitudes [6℄. The Jaynes  Cummings system
possesses two degrees of freedom, the eletroni (internal) atomi one and
the field one. In fat, when emitting and absorbing photons, an atom not
only hanges its internal state but its veloity is hanged as well due to the
photon reoil. It is a pronouning effet with old atoms in a laser field (see
for a review, for example, [7℄). Taking into aount the translational (exter-
nal) atomi degree of freedom, we get the autonomous Hamiltonian (1) with
three degrees of freedom. The respetive semilassial equations of motion for
the expetation values of the atomi position and momentum operators, the
atomi population operator, and the ombined atom-field operators have been
shown to be haoti [8,9℄ with positive values of the maximal Lyapunov expo-
nent. The semilassial atom-field dynamis has been shown to demonstrate
many interesting features, inluding the interation of nonlinear resonanes
[10℄, atomi fratals [5,11℄, Levy flights and anomalous atomi diffusion [12℄,
and the Doppler  Rabi resonane [13℄.
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In this paper, we go further in quantizing the atom-photon interation in
a standing-wave avity. The field and internal atomi degrees of freedoms
are treated as fully quantum ones obeying the Shrodinger equation. They
are oupled to the external atomi degree of freedom obeying the Hamilton
equations. Suh a quantum-lassial hybrid may be onsidered as a reality-
based model of interation between a quantum system and the surroundings.
From the standpoint of dynamial system theory, the hybrid is desribed
by an infinite-dimensional set of nonlinear ODE's with an infinite number
of integrals of motion with lear physial meanings (see Eqs. (18)  (21)).
Any state of the quantized field may be represented as a superposition of a
number of the so-alled Fok states |n〉, where n is the number of photons
in the respetive state. Any state of a two-level atom is a superposition of
its ground and exited states. The Hilbert spae of the quantized atom-field
subsystem (whih should be treated as a whole unity) is an infinite diret
sum of two-dimensional subspaes in eah of whih the so-alled number of
exitations should be onserved in the proess of evolution. The atom-field
quantized subsystem evolves in suh a way that transitions, belonging to the
subspaes with different values of the number of exitations, are forbidden.
The main aim of the paper is to investigate the effets of quantization on those
properties of the system that produe dynamial haos.
This paper is organized as follows. In Se. 2 we introdue the system under
onsideration and the respetive Hamiltonian. In Se. 3 we derive the Heisen-
berg equations for the expetation values of the atomi and field operators and
review briefly the properties of semilassial haos. Our main results are given
in Se. 4 where we derive the Hamilton  Shrodinger equations of motion
for a two-level atom in a quantized field, study the quantum Doppler  Rabi
resonane, the properties of semiquantum haos, and atomi fratals in the
Fok quantized field.
2 Two-level atom with reoil in a standing-wave avity
We onsider a single two-level atom with the frequeny ωa of an eletri dipole
transition and mass ma moving in an ideal avity whih sustains a single
standing-wave mode along the axis x with the frequeny ωf and the wave
vetor kf . In the strong oupling limit, where the oeffiient of the oupling
Ω0 is muh greater than all the relaxation rates, the atom-field dynamis may
be treated as Hamiltonian with the respetive operator
Hˆ =
Pˆ 2
2ma
+
~ωa
2
σˆz + ~ωf aˆ
†aˆ− ~Ω0
(
aˆ†σˆ− + aˆσˆ+
)
cos kfXˆ, (1)
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whose summands desribe the kineti and internal energies of the atom, the
field energy, and the energy of the atom-field interation, respetively. The
momentum Pˆ , position Xˆ , atomi σˆ, and field aˆ, aˆ† operators satisfy the
standard ommutations relations:
[Xˆ, Pˆ ] = i~, [σˆ±, σˆz ] = ∓2σˆ±, [σˆ+, σˆ−] = σˆz, [aˆ, aˆ†] = 1. (2)
Operators belonging to different degrees of freedom ommute with eah other
at the same time moment.
In the proess of emitting and absorbing photons an atom not only hanges its
internal eletroni state but its external translational state is hanged as well
due to the photon reoil effet. An interplay between the eletroni, transla-
tional, and field degrees of freedom of the strongly oupled atom-field system
may be desribed as in the Heisenberg as in the Shrodinger pitures.
3 Heisenberg equations for the atomi and field expetation values
and semilassial dynamis
It is onvenient to write down the Heisenberg equations for the following
operators:
xˆ = kfXˆ, pˆ =
Pˆ
~kf
, uˆ =
aˆ†σˆ− + aˆσˆ+√
Nˆ
, vˆ = i
aˆ†σˆ− − aˆσˆ+√
Nˆ
, σˆz, (3)
where Nˆ = aˆ†aˆ + (σˆz + Iˆ)/2 is a onstant operator of the total number of
exitations and Iˆ the identity operator. The derivative of an arbitrary operator
Aˆ with respet to the normalized time τ = Ω0t
i~
˙ˆ
A = [Aˆ, Hˆ ] (4)
results in the following Heisenberg equations for the operators (3):
˙ˆx = αpˆ,
˙ˆp = −
√
Nˆ uˆ sin xˆ,
˙ˆu = δvˆ,
˙ˆv = −δuˆ+ 2
√
Nˆ σˆz cos xˆ,
˙ˆσz= −2
√
Nˆ vˆ cos xˆ,
(5)
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where the ontrol parameters
α =
~k2f
maΩ0
, δ =
ωf − ωa
Ω0
(6)
are the normalized reoil frequeny and the detuning between the field and
the atomi frequenies, respetively. The parameter α = 2ωR/Ω0 haraterizes
the average hange in translational energy ~ωR in the proess of emission and
absorption of a photon. The set (5) is not losed. In order to desribe fully
quantized dynamis one should write down the equations of motion for all the
produts of the operators (3) and their funtions whih, in turn, would gener-
ate another operator produts and respetive equations of motion and so on.
This proess, in general, generates an infinite hierarhy of operator equations.
The simplest way to resolve this problem is to take quantum expetation val-
ues over an initial quantum state and to fatorize all the operator produts in
Eqs. (5). In this way one gets the losed dynamial system
x˙ = αp,
p˙ = −
√
N u sinx,
u˙ = δv,
v˙ = −δu+ 2
√
N z cos x,
z˙ = −2
√
N v cosx,
(7)
for the lassial variables, namely, the atomi position x = 〈xˆ〉 and momen-
tum p = 〈pˆ〉, the atom-field variables u = 〈uˆ〉 and v = 〈vˆ〉, and the atomi
population inversion z = 〈σˆz〉. A onserved number of exitations in the sys-
tem N = 〈Nˆ〉 = n+ (z + 1)/2 is the additional ontrol parameter. The set (7)
has two integrals of motion
W =
α
2
p2 − u
√
N cosx− δ
2
z, R2 = u2 + v2 + z2, (8)
where W is the onserved total energy and R2 reflets the onservation of
the length of the Bloh vetor in the limit of the large number of photons,
n = 〈aˆ†aˆ〉 ≫ 1. The set (7) (with slightly another normalization) has been
derived in [8,9℄.
In deriving Eqs. (7) from an infinite hierarhy of Heisenberg operator equa-
tions, we treat an atom as a point partile that may be justified if its mo-
mentum is muh greater then the photon momentum ~kf , i. e. if |p| ≫ 1.
Fatorization of all the operator produts in the respetive operator equations
means that we do not take into aount either quantum nature of the field
or quantum orrelations between all the atomi and field degrees of freedom.
It is justified if n ≫ 1. Moreover, the proedure of reduing operator equa-
tions to semilassial ones is not unique beause the form of the resulting
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semilassial equations depends on the fatorization proedure. Semilassial
equations of motion, different from (7), have been derived in [5,12℄ with the
same Hamiltonian (1). All of them, of ourse, has the same form in the limit
n≫ 1.
It has been found in a series of papers [8,9,5,10,12℄ that the semilassial
equations of motion of the strongly oupled atom-field system in a standing
wave avity produe different types of motion. At exat resonane, δ = 0,
the motion is regular sine the set (7) gains an additional onserved quantity
u(τ) = u(0) = u0 whih reflets the onservation of the atom-field interation
energy at δ = 0. Depending on the values of the initial atomi momentum
p0, an atom either osillates periodially in a potential well of the stand-
ing wave or flies over its potential hills. In resonane, the optial potential
U = −u0
√
N cos x − δz/2 oinides with the standing wave struture. The
osillations of the internal atomi energy, the so-alled Rabi osillations z(τ),
and the osillations of the atom-field variables, u(τ) and v(τ), are regular as
well. The enter-of-mass motion of the atom does not depend on the Rabi os-
illations, but its frequeny depends on the initial interation energy u0 sine
it determines the depth of the optial potential wells. In ontrary, the Rabi
osillations depend on the translational motion sine the strength of the atom-
field oupling depends on the position of an atom in a avity. The respetive
exat solutions of Eqs. (7) with δ = 0 one an found in [9℄.
Out of resonane, δ 6= 0, the set (7) with two integrals (8) is an autonomous
Hamiltonian system whose motion takes plae on a three-dimensional hyper-
surfae. It has, generally speaking, a positive Lyapunov exponent λ whih has
been omputed in the paper [8℄ as a funtion of the ontrol parameters α and δ
and of the initial atomi momentum p0. It follows from the first two equations
in (7) that the atomi enter-of-mass motion is desribed by the equation for
a physial pendulum with a frequeny modulation
x¨+ α
√
N u(τ) sin x = 0, (9)
where u is a funtion of time and all the other variables. Following to [14,10℄
one an show that Eq. (9) may produe a stohasti layer in a neighbourhood
of the unperturped separatrix. Analogously to what has been done in [10℄,
the normalized (to a separatrix value) width of the stohasti layer may be
estimated as follows
∆ ≃ 8pi (Ω/ω)3 exp
(
−piΩ
2ω
)
, (10)
where Ω =
√
δ2 + 4N is the normalized Rabi frequeny and the frequeny
ω =
√
2αN3/2|δ|/Ω haraterizes small-amplitude osillations. It should be
noted that ∆ gives the lower bound for the layer width (see [10℄).
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Center-of-mass motion of a two-level atom in an ideal standing-wave avity
has been found in [12℄ to be anomalous. A typial haoti atomi trajetory
onsists of intervals of regular motion with an almost onstant veloity in
eah interval (Levy flights) interrupted by errati walks. Suh an intermit-
teny is typial of Hamiltonian systems with nonhomogeneous phase spae
with a fratal-like struture onsisting of KAM tori, antori, hains of islands,
stohasti sea, et. [15℄. From this point of view, the Levy flights may be
understood as those trajetories that stik to islands boundaries for a long
time. The representative point on a typial haoti trajetory sooner or later
approahes, as losely as desirable, an island boundary that separates regular
and haoti motions. Nearby suh a boundary, the maximal Lyapunov expo-
nent λ goes to zero, and antories blok the trajetory esape to the stohasti
sea. As a result, the atomi motion is almost regular for a time that may be
very long. From the physial point of view, the intermitteny of the enter-
of-mass motion is due to the intermittent osillations of the effetive optial
potential Ueff = −
√
N u cosx − δz/2 whih governs the translational motion
of the atom [13℄.
The Levy flights impat the statistial properties of the atomi motion result-
ing in the anomalous diffusion. It was numerially found in [12℄ that the seond
moment of the position of atom in a avity evolves in time as x¯2 ∼ τµ, where
the transport exponent µ may vary from the value µ ≃ 1, orresponding to the
normal diffusion, to the value µ ≃ 2 orresponding to the superdiffusion. The
Poinare theorem states that every trajetory of a losed onservative dynami-
al system, exept for trajetories of the set of zero measure, returns arbitrarily
lose to its origin infinitely many times. The reurrene time distribution in
the system with perfet mixing is known to be Poissonian, P (τ) = h−1e−hτ ,
where h is the Kolmogorov-Sinai entropy. The motion with intermitteny and
Levy flights leads to the power law, P (τ) ∼ τ−γ at τ →∞. The exponents µ
and γ are related to eah other, and their values depends on the values of the
ontrol parameters α, δ, and N beause by hanging them one hanges the
topology of the phase spae.
The atom-photon interation in a avity may be onsidered as the haoti
sattering problem [5,11℄ where a two-level atom is sattered by the standing-
wave light or by an optial potential. In differene from the usual sattering of
atoms by light [7℄, the effetive optial potential Ueff of the strongly oupled
atom-field system depends not only on the field but on the atomi variables
as well. Let two atomi detetors to be plaed at the avity mirrors and let
them detet the time T of atomi exit from the avity. Let the identially
prepared atoms with given initial momenta p0 be plaed one by one in the
middle of the avity. The dependene T (p0) has been found in [5,11℄ to have
a beautiful selfsimilar struture with the Hausdorff dimension to be equal to
d ≃ 1.84. Tiny interplay between all the degrees of freedom is responsible for
trapping atoms with T →∞ even in a very short miroavity. Simulation in
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the ited papers has been performed with a avity whose length is equal to two
standing-wave lengths. Two kinds of atomi fratals have been found in [11℄, a
ountable fratal (a set of p0 generating separatrix-like atomi trajetories) and
a seemingly unountable fratal with a set of p0 generating infinite walkings
of atoms inside the avity.
4 Hamilton-Shrodinger equations and semiquantum dynamis
4.1 Derivation of equations of motion
In this setion we again onsider a two-level atom as a point partile but
eletroni and field degrees of freedom are treated as fully quantum ones in the
Shrodinger piture. It enables us to study the role that field quantum statisti
and atomi superposition play in the full atom-field dynamis inluding haos.
We start with the Hamiltonian Hˆ (1).
The Hamilton equations for the lassial translational degree of freedom is
easily found
d〈Xˆ〉
dt
=
∂〈Hˆ〉
∂〈Pˆ 〉 ,
d〈Pˆ 〉
dt
= −∂〈Hˆ〉
∂〈Xˆ〉 , (11)
where 〈 . . . 〉 denotes an expetation value of the orresponding operator over
a quantum state |Ψ〉 of the eletroni-field Hamiltonian. Using the same nor-
malizations and notations as in the preeding setion, we get
x˙ = αp, p˙ = −〈uˆ〉 sin x, (12)
where 〈uˆ〉 = 〈Ψ(τ)|uˆ0|Ψ(τ)〉.
Let us expand a state vetor of the eletroni-field subsystem over the basi
energeti atomi states |2〉 and |1〉 and the Fok field states |n〉
|Ψ(τ)〉 =
∞∑
n=0
(
an(τ)|2, n〉+ bn(τ)|1, n〉
)
, (13)
where an and bn are the probability amplitudes to find the atom in its exited
or ground state with n photons in the mode, respetively. Substitution of the
vetor (13) in the time-dependent Shrodinger equation
i~|Ψ˙〉 = Hˆ|Ψ〉 (14)
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gives the infinite-dimensional set of the oupled ODE's
a˙n = −i
(
∆aan −
√
n + 1 bn+1 cos x
)
,
b˙n+1 = i
(
∆bb
∗
n+1 −
√
n + 1 a∗n cosx
)
, n = 0, 1, 2, . . . ,
(15)
where ∆a = nωf +ωa/2 and ∆b = (n+1)ωf −ωa/2. Introduing the following
ombinations of the probability amplitudes:
un = 2Re
(
anb
∗
n+1
)
, vn = −2 Im
(
anb
∗
n+1
)
, zn = |an|2 − |bn+1|2, (16)
we get the quantum Bloh-like equations
u˙n = δvn,
v˙n = −δun + 2
√
n+ 1 zn cosx,
z˙n = −2
√
n+ 1 vn cos x, n = 0, 1, 2, . . . ,
(17)
where the detuning δ is the same as in (6). After omputing 〈uˆ〉, we obtain
our basi Hamilton-Shrodinger equations
x˙ = αp,
p˙ = − ∞∑
n=0
√
n + 1un sin x,
u˙n = δvn,
v˙n = −δun + 2
√
n+ 1 zn cosx,
z˙n = −2
√
n+ 1 vn cos x, n = 0, 1, 2, . . . .
(18)
This infinite set of nonlinear ODE's possesses an infinite number of the inte-
grals of motion, the total energy integral
W =
α
2
p2 −
∞∑
n=0
√
n+ 1un cos x− δ
2
∞∑
n=0
zn, (19)
the Bloh-like integrals for eah n
R2n = u
2
n + v
2
n + z
2
n, (20)
and the global integral refleting onservation of the total probability
∞∑
n=0
Rn = 1. (21)
The quantities that an be measured in real experiments are the atomi posi-
tion x, momentum p and the atomi population inversion
z(τ) =
∞∑
n=0
zn(τ). (22)
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The semiquantum equations (18)  (21) should be ompared with the semi-
lassial equations (7) and (8) beause they desribe the same physial situ-
ation but on the different ground. They are exatly idential in the ase of
the initial Fok state of the avity field with n¯ quanta and the atom to be
prepared initially in one of its energeti states. It is easy to show that an in-
finite number of equations (18) redues in this ase to five equations (7) with
N = n¯+ (z + 1)/2 = n¯+ 1 if |Ψ(0)〉 = |2, n〉 and N = n¯ if |Ψ(0)〉 = |1, n〉. If
the atom is initially prepared in a general superposition state and the field is
in the Fok state |n〉
|Ψ(0)〉 = an(0)|2, n〉+ bn(0)|1, n〉,
∣∣∣an(0)∣∣∣2 + ∣∣∣bn(0)∣∣∣2 = 1, (23)
we get from Eqs. (18)
x˙ = αp,
p˙ = −
(√
n¯ un−1 +
√
n¯ + 1un
)
sin x,
u˙n−1 = δvn−1, u˙n = δvn,
v˙n−1 = −δun−1 + 2
√
n¯ zn−1 cosx, v˙n = −δun + 2
√
n¯ + 1 zn cosx,
z˙n−1 = −2
√
n¯ vn−1 cosx, z˙n = −2
√
n¯+ 1 vn cos x
(24)
with the respetive integrals
W =
α
2
p2 −
(√
n¯ un−1 +
√
n¯ + 1un
)
cosx− δ
2
(zn−1 + zn),
R2n−1 = u
2
n−1 + v
2
n−1 + z
2
n−1 =
∣∣∣bn(0)∣∣∣4,
R2n = u
2
n + v
2
n + z
2
n =
∣∣∣an(0)∣∣∣4,
Rn−1 +Rn = 1,
(25)
and initial onditions
x(0) = x0, p(0) = p0, zn−1(0) = −
∣∣∣bn(0)∣∣∣2, zn(0) = ∣∣∣an(0)∣∣∣2,
un−1(0) = un(0) = vn−1(0) = vn(0) = 0. (26)
4.2 Doppler  Rabi resonane
If the field frequeny ωf is far detuned from the frequeny of the atomi
working transition ωa, i. e. if |δ| ≫ 1, then the Rabi osillations z(τ) should
be very shallow as osillations of an osillator under influene of a far-detuned
time-dependent fore. It is orret if the atom does not move. The Doppler
effet with a moving atom auses an interesting effet of the Doppler  Rabi
resonane if the ondition |αp| ≃ |δ| is fulfilled. A standing wave is a sum of
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two running waves moving in the opposite diretions. In the referene frame
of the moving atom, their frequenies are different due to the Doppler effet
ω1 = ωf − va
c
ωf , ω2 = ωf +
va
c
ωf , (27)
where va and c are the atomi and light veloities, respetively, and va ≪ c.
If the initial atomi momentum p0 is suffiiently large, the Raman  Nath
ondition, p ≃ p0 is valid. Let us define dimensionless detunings between the
frequenies of the atomi transition and the running waves as follows:
δ1 =
ω1 − ωa
Ω0
= δ − αp0, δ2 = ω2 − ωa
Ω0
= δ + αp0. (28)
It is evident that the atom omes in resonane with one of the running waves
if |αp0| ≃ |δ|. If |δ| ≫ 1, the interation of the atom with the other running
wave is negligibly small. Suppose that the atom is initially prepared in the
ground state, i. e. zn−1(0) = −1, zn(0) = 0, and z(0) = −1, than the equations
of motion (24) for the atom with a onstant speed and with the other initial
onditions written in (26) are redued to the following simple set:
u˙n = δvn,
v˙n = −δun +
√
n¯+ 1 zn,
z˙n = −
√
n¯+ 1 vn.
(29)
It should be noted that the amplitude of the running wave is half of the
standing-wave amplitude, and the atom-field interation does not depend on
atomi position. The solution for the atomi population inversion with given
initial onditions is easy to find
z(τ) = zn(τ) = −
(
δ − αp0
Ωn
)2
−
√
n¯ + 1
Ω2n
cosΩnτ, (30)
where Ωn =
√
(δ − αp0)2 +
√
n¯+ 1 is the Rabi frequeny. In partiular, at
exat Doppler  Rabi resonane, |αp0| = |δ|, the inversion osillates at the
frequeny (n¯+ 1)1/4 and its amplitude is maximal.
The Doppler  Rabi resonane is illustrated in Fig. 1 where we plot the Rabi
osillation signals z(τ) omputed with the full set (24) and two initial states
of the atom when it is prepared in the ground level with z(0) = −1 and in the
superposition state with z(0) = 0 (zn−1(0) = −1/2, and zn(0) = 1/2). In our
simulation α = 10−3, n¯ = 10 and x0 = 0. When δ = 32 and p0 = 32000 and the
resonane ondition is fulfilled we really see the maximal Rabi osillations with
both the initial onditions. The signal in Fig. 1a with z(0) = −1 is desribed
by the analytial solution (30). When z(0) = 0 we have two osillators with
different frequenies (see (24)) and the resulting signal z(τ) = zn−1(τ)+ zn(τ)
in Fig. 1 demonstrates a beating with two harmoni omponents of the type
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Fig. 1. Doppler  Rabi resonane at the ondition αp0 = δ with δ = 32, p0 = 32000,
α = 0.001, (a) z(0) = −1 and () z(0) = 0. Shallow Rabi osillations with the same
value of p0 but out off the resonane are shown for omparison with (b) z(0) = −1,
δ = 1 and (d) z(0) = 0, δ = 10.
of (30) with Ωn = (n¯ + 1)
1/4
and Ωn−1 = n¯
1/4
. For omparison, we plot in
Fig. 1b and d very shallow Rabi osillations with the same value of the atomi
momentum p0 = 32000 but out off the resonane, |αp0| 6= |δ|. The amplitude of
the Rabi osillations in Fig. 1b with z(0) = −1 and δ = 1 does not exeed 2%
of the amplitude of the resonant osillations in Fig. 1a. The same is valid with
another initial value of the atomi inversion population, z(0) = 0 (ompare,
please, Figs. 1 and d).
In onlusion, deep Rabi osillations are possible at as large values of the
detuning |δ| as desirable if a two-level atom moves with the orresponding
veloity.
4.3 Chaos in a quantized Fok field
Lyapunov exponents are known to be quantitative indiators of haos in dy-
namial systems. They haraterize the behavior of lose trajetories in phase
spae. If the quantized field is initially prepared in a Fok state |n〉 with n
quanta in the mode, the Hamilton  Shrodinger equations of motion have the
form (24) for an arbitrary internal atomi state. The 8-dimensional dynamial
system (24) with 4 integrals of motion (25) has, as maximum, four nonzero
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Lyapunov exponents λi (i = 1, 2, 3, 4)
λi = lim
τ→∞
λi(τ), λi(τ) = lim
∆i(0)→0
1
τ
ln
∆i(τ)
∆i(0)
, (31)
where ∆i(τ) is the distane (in the Eulidean sense) in the i-th diretion
at the moment τ between two trajetories that were lose to eah other at
τ = 0. In Hamiltonian systems, due to the phase spae volume onservation,
λ1 + λ2 + λ3 + λ4 = 0, and λ1 = −λ2, λ3 = −λ4. Computing the maximal
Lyapunov exponent λ, one measures an averaged rate of separation of initially
lose trajetories.
Fig. 2. The maximal Lyapunov exponent λ with zero initial atomi population inver-
sion z(0) = 0 and n¯ = 10 photons in the Fok quantized field versus the atom-field
detuning δ and the logarithm of the dimensionless reoil frequeny α.
The system has three ontrol parameters, the initial number of photons in
the mode n¯, the normalized reoil frequeny α and the detuning δ, eah of
whih may vary in a wide range of values. To diagnose haos it is instrutive
to ompute the so-alled topographi λ-maps [3,4,17℄ whih show by olor
modulation values of λ in the ranges of values of two ontrol parameters with
the other to be fixed. When omputing the λ-maps, we hoose the following
initial onditions: x(0) = 0, p(0) = 50, un−1(0) = un(0) = vn−1(0) = vn(0) = 0,
zn−1(0) = −1/2, zn(0) = 1/2 and zn−1(0) = 0, zn(0) = 1. It means that the
atom is prepared initially in the state with zero population inversion z(0) = 0
or in the exited state, z(0) = 1. In Fig. 2 we show the λ-map with z(0) = 0 in
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Fig. 3. The double logarithmi plot of λ with an initially exited atom z(0) = 1 and
n¯ = 10 photons in the Fok quantized field versus α and n¯ with δ = 0.5.
the ranges of the detuning |δ| 6 2 and the reoil frequeny −4 6 log10 α 6 −1
with the fixed value of the initial number of photons n¯ = 10. The set (24) is
integrable at exat atom-field resonane (δ = 0) with λ = 0. The αδ map
onfirms this onjeture. The values of α ∼ 10−4 ÷ 10−2, that orrespond to
positive values of λ, are reasonable with real atoms [9℄, and one may expet
haoti atomi motion in the respetive ranges of α and δ. Another λ-map
with z(0) = 1 shows in Fig. 3 the value of λ in dependene on α and n¯ at
δ = 0.5 in double logarithmi sale. The magnitude of λ grows, in average,
with inreasing the initial number of photons in the avity mode.
A feasible sheme for deteting manifestation of haos with hot two-level Ry-
dberg atoms moving in a high-Q mirowave avity has been proposed in [5℄.
The same idea ould be realized with old usual atoms in a high-Q miro-
avity. Consider a 2D-geometry of a gedanken experiment shown in Fig. 4a,
where a monokineti atomi beam propagates almost perpendiularly to the
avity axis x. In a referene frame moving with a onstant veloity in the
y-diretion, there remains only the transverse atomi motion along the axis x.
One measures atomi population inversion after passing the interation zone.
Before injeting atoms in the avity, it is neessary to prepare all the atoms
in the same eletroni state, say, in the exited state, with the help of a pi-
pulse of the laser radiation. It may be done with only a finite auray, say,
equal to ∆z
in
for the initial population inversion z
in
. The values of the pop-
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Fig. 4. Shemati diagrams showing sattering of atoms at the standing wave. (a) A
monokineti beam of atoms propagates transversally to the avity axis x, and the
atoms are deteted outside the avity. (b) Atoms are plaed one by one inside the
avity with almost zero transversal veloity and are deteted at the avity mirrors.
ulation inversion z
out
are measured with detetors at a fixed time moment.
If we would work with the values of the ontrol parameters orresponding
to the regular atom-field dynamis, we would expet to have a regular urve
z
out
z
in
. In the haoti regime, the atomi inversion at the output an be pre-
dited (within a ertain onfidene interval ∆z) for a time not exeeding the
so-alled preditability horizon
τp ≃ 1
λ
ln
∆z
∆z
in
, (32)
whih depends weakly on ∆z
in
and ∆z. Sine the maximal onfidene interval
lies in the range |∆z| 6 1 and λ may reah the values of the order of 1.5
(see λ-maps), the preditability horizon in aordane with the formula (32)
an be very short: with λ =0.5 τp may be of the order of 10 in units of the
reiproal of the vauum Rabi frequeny Ω0 that orrespond to tp ≃ 10−7 s
with the realisti value of Ω0 ≃ 108 rad· s−1 [18℄.
In the regular regime, the inevitable errors in preparing ∆z
in
produe the
output errors ∆z
out
of the same order. In the haoti regime, the initial uner-
tainty inreases exponentially resulting in a omplete unertainty of the de-
teted population inversion in a reasonable time. It is demonstrated in Fig. 5,
where we plot the dependene of the values of z(τ) = z
out
at τ = 100 (Fig. 5a)
and τ = 200 (Fig. 5b) on the values of z(0) = z
in
in the haoti regime with
δ = 0.4 and λ ≃ 0.05. It is evident from Fig. 5a, that at the detetion time
moment τ = 100 an initial error ∆z
in
= 10−4 leads to a omplete unertainty
∆z
out
≃ 2 in rather large viinities of the initial inversion z
in
≃ ±1, whereas
the dependene z
out
z
in
is a regular one in the viinity of z
in
≃ 0. With inreas-
ing the detetion time (see Fig. 5b at τ = 200), the probability of deteting
any value of z
out
in the interval [−1, 1] is almost unity in the whole range of
z
in
. The formula (32) gives the value of the preditability horizon τp ≃ 200
with λ ≃ 0.05. To feel the differene, it is desirable to arry out a ontrol
experiment at the exat resonane (δ = 0) when the atomi motion is fully
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Fig. 5. Dependene of the output values of the atomi population inversion z
out
on
its initial values z
in
with δ = 0.4 (a) at τ = 100 and (b) at τ = 200 with the inset
showing this dependene at the exat atom-field resonane, δ = 0.
regular with any initial values. The dependene z
out
z
in
with δ = 0 is demon-
strated in the inset in Fig. 5b with all the other ontrol parameters and initial
values being the same.
4.4 Atomi fratals in a quantized field
In this setion, we treat the atom-photon interation in a high-Q avity as
a haoti sattering problem [19,20℄. Atoms from outside are injeted into a
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1D-avity, interat for a while with the avity field and then they are removed
from the avity by hook or by rook. Following to [5,11℄, let us onsider the
sheme of sattering of atoms by the standing wave shown in Fig. 4b. Atoms,
one by one, are plaed at the point x = 0 with different initial values of the
momentum p0 along the avity axis. For simpliity, we suppose that they have
no momentum in the other diretions (1D-geometry). We ompute the time
the atoms need to reah one of the detetors plaed at the avity mirrors.
The dependene of this exit time T on the initial atomi momentum p0 is
studied under the other initial onditions and parameters being the same. To
avoid ompliations that are not essential to the main theme of this setion,
we onsider the avity with only two standing-wave lengths. Before injeting
into a avity, atoms are suppose to be prepared in the superposition state with
un−1(0) = un(0) = vn−1(0) = vn(0) = 0, zn−1(0) = −1/2, zn(0) = 1/2, i. e. in
the state with zero population inversion z(0) = zn−1(0) + zn(0) = 0.
At exat resonane (δ = 0) with un−1(τ) = un(τ) = 0, the optial potential
U = (
√
n¯ un−1 +
√
n¯+ 1un) cosx − δ(zn−1 + zn)/2 is equal to zero, and the
analytial expression for the dependene in question an be easily found to
be the following: T (δ = 0) = 3pi/2αp0 if p0 > 0 and T (δ = 0) = pi/2αp0 if
p0 < 0. Atoms simply fly through the avity in one diretion with their initial
onstant veloity and are registered by one of the detetors. Out of resonane
(δ 6= 0), the atomi motion has been numerially found in the preeding
setion to be haoti with positive values of the maximal Lyapunov exponent.
Fig. 6 shows the funtion T (p0) with the normalized detuning δ = 0.4, the
reoil frequeny α = 10−3, and the average initial number of avity photons
n¯ = 10. The exit-time funtion demonstrates an intermitteny of smooth
urves and ompliated strutures that annot be resolved in priniple, no
matter how large the magnifiation fator. Fig. 6b shows magnifiation of the
funtion for the small interval 64.1 6 p0 6 64.6. Further magnifiation in
the range 64.2743 6 p0 6 64.2754 shown in Fig. 6 reveals a beautiful self-
similar struture. Some strutures in Fig. 6a that look like fratal are not, in
fat, unresolvable and self-similar. Magnifiation of the struture in the range
73.2 6 p0 6 73.8 (Fig. 7a), shown in Fig. 7b, demonstrates quite a smooth
funtion without unresolvable substrutures and with only two singular points
on the borders of the respetive momentum interval. Beating, visible in all
the strutures of the atomi fratal in Figs. 6, 7, should be attributed to
the struture of the Hamilton-Shrodinger equations (24) whih desribe two
atom-field osillators with slightly different frequenies.
The exit time T , orresponding to both smooth and unresolved p0 intervals,
inreases with inreasing the magnifiation fator. It follows that there exist
atoms never reahing the detetors in spite of the fat that they have no ob-
vious energy restritions to leave the avity. Tiny interplay between haoti
external and internal dynamis prevents these atoms from leaving the avity.
The similar phenomenon in Hamiltonian systems is known as dynamial trap-
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Fig. 6. Atomi fratal in a quantized Fok field with different resolutions (δ = 0.4
and z(0) = 0).
ping [16℄. Different kinds of atomi trajetories, whih are omputed with the
system (24), are shown in Fig. 8. A trajetory with the number m transverses
the entral node of the standing-wave, before being deteted, m times and is
alled m-th trajetory. There are also speial separatrix-like mS-trajetories
following whih atoms in infinite time reah the stationary points xs = ±pin
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Fig. 7. Example of one of the non-fratal substrutures in the atomi fratal shown
in Fig. 6a with suessive magnifiations.
(n = 0, 1, 2, . . . ), ps = 0, transversing m times the entral node. These points
are the anti-nodes of the standing wave where the fore ating on atoms is
zero. A detuned atom an asymptotially reah one of the stationary points
after transversing the entral node m times. The trajetory with number 1,
showing in Fig. 8, is lose to a separatrix-like 1S-trajetory. The smooth p0 in-
tervals in the first-order struture in Fig. 6a orrespond to atoms transversing
one the entral node and reahing the right detetor. The unresolved singu-
lar points in the first-order struture with T = ∞ at the border between the
smooth and unresolved p0 intervals are generated by the 1S-trajetories. Anal-
ogously, the smooth and unresolved p0 intervals in the seond-order struture
in Fig. 6b orrespond to the 2-nd order and the other trajetories, respetively,
with singular points between them orresponding to the 2S-trajetories and
so on.
There are two different mehanisms of generation of infinite exit times, namely,
dynamial trapping with infinite osillations (m = ∞) in a avity and the
separatrix-like motion (m 6= ∞). The set of all initial momenta generating
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Fig. 8. Sample atomi trajetories transversing the entral node in the sheme Fig. 4b
m times (m = 1, 2, 3). The trajetory with number 1 is lose to a separatrix-like
1S-trajetory.
the separatrix-like trajetories is a ountable fratal. Eah point in the set an
be speified as a vetor in a Hilbert spae with m integer nonzero omponents.
One is able to presribe to any unresolved interval ofm-th order struture a set
withm integers, where the first integer is a number of a seond-order struture
to whih trajetory under onsideration belongs in the first-order struture,
the seond integer is a number of a third-order struture in the seond-order
struture mentioned above, and so on. Suh a number set is analogous to a di-
retory tree address: <a subdiretory of the root diretory>/<a subdiretory
of the 2-nd level>/<a subdiretory of the 3-rd level>/....
5 Conlusion
Atoms in avities provide a mirosopi nonlinear dynamial system with a
reah variety of qualitatively different dynamis that may be explored to study
the key problems of modern quantum physis and nonlinear siene inluding
the problem of the quantum-lassial orrespondene. The up-to-date experi-
mental state of art has reahed the stage where the quantum to lassial transi-
tion and the borderland between them an now be probed diretly. Inreasing
the number of atoms or/and the average number of photons in a avity mode,
one an fore the atom-field system to operating in quantum, semiquantum,
and semilassial regimes providing a link between miro-, meso-, and . In
this paper, we derived the Hamilton  Shrodinger equations of motion that
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desribe the semiquantum Hamiltonian dynamis of a two-level atom with
reoil strongly oupled to a single-mode standing-wave quantized field in an
ideal avity. It has been shown that dynamial haos and fratals may arise in
a wide range of the ontrol parameters of the system. To estimate their mag-
nitudes we use the parameters of the real experiments with single atoms in
Fabry  Perot miroavities in the strong-oupling regime [18℄, for whih the
amplitude of the atom-field oupling strength may reah Ω0 = 2pi · (107÷108)
Hz exeeding the deay rates of the avity mode and the atomi dipole. With
the above mentioned values of Ω0 and kf ≃ 2pi · 106 m−1, one an estimate
the normalized reoil frequeny α to be in range 10−510−2 depending on the
magnitude of the atomi mass.
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